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CONSTRUCTION OF MULTI-SOLITONS FOR THE ENERGY-CRITICAL 
WAVE EQUATION IN DIMENSION 5 

YVAN MARTEL AND FRANK MERLE 


Abstract. We construct 2-solitons of the focusing energy-critical nonlinear wave equation 
in space dimension 5, i.e. solutions u of the equation such that 

u(t) — [Wi(f) + W 2 (t)] —> 0 as t —¥ +00 

in the energy space, where Wi and W 2 are Lorentz transforms of the explicit standing soliton 
W(x) = (1 + |a;| 2 /15)~ 3,/2 , with any speeds 7 ^ 1 2 (\£k\ < 1). The existence result also 
holds for the case of A'-solitons, for any K > 3, assuming that the speeds £k are collinear. 

The main difficulty of the construction is the strong interaction between the solitons 
due to the slow algebraic decay of W(x) as \x\ —> + 00 . This is in contrast with previous 
constructions of multi-solitons for other nonlinear dispersive equations (like generalized KdV 
and nonlinear Schrodinger equations in energy subcritical cases), where the interactions are 
exponentially small in time due to the exponential decay of the solitons. 


1. Introduction 


1.1. Statement of the main result. We consider the focusing energy-critical nonlinear wave 
equation in dimension 5 

f d 2 u — Au — |u| 3u = 0, (t, x) € [0, 00 ) x R 5 , (11) 

1 u\ t=0 = u 0 € H 1 , d t u\ t=0 = ui £ L 2 . 

Recall that the Cauchy problem for equation m is locally well-posed in the energy space 
H l x L 2 , using suitable Strichartz estimates. See e.g. |26l 11, [16] [2£, 30], [28] [12, H]- Note 
that equation (11.11) is invariant by the H 1 scaling: if u(t,x) is solution of (II.ID . then 
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t x 

A 3 / 2 ^ l A’ A 


is also solution of m and HuaIIa 1 = ll^lli/ 1 - -^ or x L 2 solution, the energy E{u{t ), dtu(t)) 
and momentum M(u(t ), dtu(t)) are conserved, where 

£(»,») = i /» 2 + ]/|Vuf-A 

Recall that the function W defined by 

| 2 ' 


|u| 3 , M(u,v ) = / v\7u. 


W(x) = 1 + 


\X\ 

~15 


AW + W 3=0, x € 


( 1 . 2 ) 


is a stationary solution, called soliton, of (ED. Using the Lorentz transformation on W, we 
obtain traveling solitons: for £ G K 5 , with |£| < 1, let 


W t (x) = W 


1 


.sfi-W 

1 


- 1 


£(£ ■ x) 


+ x 


(1.3) 
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then u(t,x ) = FWf(x — it) is solution of (11.11) . 

Recall that an important conjecture in the field says that any global solution of <D> 
decomposes as t —>• +oo as a finite sum of (rescaled and translated) solitons plus a radiation 
(solution of the linear wave equation). Such a classification was achieved in the radial case in 
[8] (in space dimension 3) but is still widely open in the nonradial case (see [9] and references 
therein). 

In this paper, we address the question of the construction of non trivial asymptotic behaviors 
in the nonradial case. In this context, nrulti-solitons are canonical objects behaving as t —>• oo 
exactly as the sum of several solitons in the energy space. The main result of this paper is the 
existence of 2-solitons for <o> and of if-solitons for K > 3 for collinear speeds. 


Theorem 1 (Existence of nrulti-solitons). Let K > 2. For k € {1,...,AT}, let > 0, 
y£° € K 5 , ifc = ±1 and ik G M 5 with \£h\ < 1, Lk 7^ f-v f or k' ^ k. 

Assume that one of the following assumptions holds 

(A) Two-solitons (K = 2). 

(B) Collinear speeds. For all k € {1,..., K}, i = £k e i where € (—1,1). 

Then, there exist Tq > 0 and a solution u of mu on [To,+oo) in the energy space such that 


lim 

t —^ -(-oo 


u{t) ~tww w - 


V A- ) 



lim 
t — 


^) + E(^(4-v Wtk ) 


( ■-tkt-y? \ 

V A- J 



(1.4) 

(1.5) 


The question of existence and properties of multi-solitons for nonlinear models has a long 
history starting with the celebrated works of Fermi, Pasta and Ulam [10J and Kruskal and 
Zabusky [32], and closely related to the study of integrable equations by the inverse scattering 
transform. We refer in particular to the review work of Miura m on multi-solitons for the 
Korteweg-de Vries equation and to Zakharov and Shabat [33] for multi-solitons of the ID cubic 
Schrodinger equation. Recall that in integrable cases, these solutions are very special: they 
are explicit and behave exactly as the sum of several solitons both at t — > +oo and t —>• —oo. 
In particular, they describe the collision and interaction of several solitons globally in time, 
i.e. for all t G (—oo,+oo). 

Apart from works on integrable models, there have been several proofs of existence of 
multi-solitons for nonlinear dispersive equations, starting with [22] for the L 2 critical nonlin¬ 
ear Schrodinger equation and m for the subcritical and critical generalized Korteweg-de Vries 
equations. Note that m also contains a uniqueness result in the energy space, whose proof is 
specific to KdV type equations. Concerning existence, the general strategy of these works is 
to build backwards in time a sequence of approximate solutions satisfying uniform estimates 
and then to use a compactness argument. In dJ and also in [48], concerning the subcriti¬ 
cal nonlinear Schrodinger equation, uniform estimates are deduced from long time stability 
arguments, adapted from the previous works [31] (for single solitons) and [20] (for several de¬ 
coupled solitons). Later, the strategy of these works was extended to the case of exponentially 
unstable solitons, see [4] for the construction of multi-solitons and [3] for the classification of all 
multi-solitons of the supercritical generalized KdV equation. In these papers, the exponential 
instability is controled through a simple topological argument. 
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For the Klein-Gordon equation, the strategy was adapted by Cote and Munoz [5] (for real 
and unstable solitons) and Bellazzini, Ghimcnti and Le Coz [lj (for complex, stable solitons). 
For the water-waves system, see the recent work of Ming, Rousset and Tzvetkov [23]. 

Note that all the works mentioned before are for exponentially decaying solitons, and thus 
exponentially small interactions as t —» +oo. The main difficulty of constructing multi-solitons 
for (11.11) is due to the algebraic decay of W, which implies that the solitons have strong in¬ 
teractions, of order t~ 3 . For the Benjamin-Ono equation, multi-solitons exist with solitons 
behaving algebraically at oo, but they are obtained explicitly using the integrability of the 
equation (see e.g. |21j and [25]). Stability and asymptotic stability of such multi-solitons is 
proved in m, but relying on specific nronotonicity formulas for KdV type equations. In |T5] , 
devoted to the construction of multi-solitons for the Hartree equation, solitons are also decay¬ 
ing algebraically. However, in that case, the potential related to the soliton is exponentially 
decaying, which allows a decoupling facilitating the construction of an approximate solution 
at order t~ hl for arbitrarily large M. For M > Mq large enough, an actual solution can then 
be constructed close to this approximate solution. Such decoupling is not present in the case 
of the energy critical wave equation m and it seems delicate to construct sharp approximate 
multi-solitons (i.e. at order t~ M for large M). 

1.2. Comments on Theorem [Xj. (1) Each soliton being exponentially unstable, it can be 
derived as a consequence of the proof that the multi-solitons constructed in Theorem [T] are 
unstable. Uniqueness of multi-soliton in the energy space, up to the unstable directions, is an 
open problem as for the nonlinear Schrodinger equation. The uniqueness statements in m 
and [3] are specific to KdV-type equations. 

The global behavior of u(t) i.e. for t < To is an open problem. We conjecture that it does 
not have the multi-soliton behavior as t —>• —oo. We refer to |19| for the proof of nonexistence 
of pure multi-solitons in the case of the (non integrable) quartic generalized Korteweg de Vries 
equation for a certain range of speeds. 

(2) Dimension N > 6. We expect that Theorem [I] still holds true for the energy-critical 
wave equation for space dimensions N > 6. Indeed, at the formal level, all the important 
computations of this paper can be reproduced for N > 6. However, the lack of regularity of 
the nonlinearity create several additional technical difficulties, which we choose not to treat in 
this paper. Recall that such difficulties were overcome for the Cauchy problem in the energy 
space in [2j. 

(3) Dimension 3 and 4. We conjecture that in this case, there exists no multi-soliton in the 

sense (fT~4l)-(fL5l), for any value of A' > 2. Heuristically, from the asymptotics as \x\ —>• oo, 
W{x) ~ l.'cl 2 ”^ in dimension V, the interaction between two solitons of different speeds is 
t 2 ~ N , i.e. in dimension 3, and t~ 2 in dimension 4. Following our method, these interactions 

are too strong and create diverging terms in the construction. However, to prove nonexistence 
of multi-soliton rigorously, one would need a priori information on any multi-soliton, which 
is an open problem for any dimension N > 3. 

1.3. Strategy of the proof. First, we note that Theorem [T] in case (A) follows from case 
(B) with I\ = 2 and the Lorentz transformation. See Section 5 for a detailed proof, inspired 
by arguments in mm- 

The proof of Theorem [T| in case (B) follows the strategy by uniform estimates and com¬ 
pactness introduced in m and [18], but due to the algebraic decay of the solitons, proving 
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uniform estimates is more delicate. For k € {1,..., A"}, let A£° > 0 , y£° € M 5 and £ k € M 5 
with \£ k \ < 1 , £ k 7 ^ £ k / for k! / k. 

Let S n —>• +oo as n —?• oo and, for each n, let be the (backwards) solution of (11.11) with 
data at time S n 


K 

u n (S n ,x ) ~ ^2 
k =1 


^k 

(Ag °) 3/2 


^4 


X - Ifc^n - 


( 1 . 6 ) 


~ -E ' W '*> ( * 4 A t yf ) • < L? ) 

(See (14.11) for a precise definition of (u n (S n ),dtu n (S n )). The goal is to prove the following 
uniform estimates on the time interval [To,5 n ], 


K 


Unit) - 


Lk 


(A ~)3/2 


W tk 


• - ht - yjf 

Ar 


<1 


m 


( 1 . 8 ) 


K 


/ • -4*-yg° \ 

v a- ; 


< 

r\_/ 


L 2 


(1.9) 


for T 0 large independent of n. Indeed, the existence of a multi-soliton then follows easily from 
standard compactness arguments (note that we also obtain bounds on weighted higher order 
Sobolev norms for (u n ,dtu n ) which facilitate the convergence). Thus, we now focus on the 
proof of (ll.8p ~ (jl.9D . Note first that such long time stability estimates cannot be true for any 
initial data of the form (11.61) ( 11.71) : indeed, to take into account the exponential instability of 
each soliton Wf k , we need to adjust the initial condition (u n (S n ), dtU n (S n )). This adjustment 
relies on a simple topological argument on K scalar parameters, first introduced in a similar 
context in [4j. 

We introduce 

£ = u n ~ w k, V = d t u n + y~](4 • VWfc), 

k k 


where 


W k (t,x) 


L‘k 


Af(*> 


IT, 


4 


f x-£ k t- y k (t) \ 

V A k (t) ) ' 


By a standard procedure, in the definition of W k , the modulation parameters A k (t) and y k (t) 
are chosen close to A^° and y£° in order to obtain suitable orthogonality conditions on (e,rj). 
The equation of (£,rj) is thus coupled by equations on X k and y k . See Lemma 13.11 

The general strategy of the proof of the uniform estimates m » is to use global 
functionals that are locally of the form 


/ 

J Xr 


44+yW) 


|Ve | 2 + \r]\ 2 + 2 (£ k • Ve) rj — l\W k \^£ 2 


around each soliton W k , i.e. in regions x ~ £ k t + y k (t). Note that the coercivity of such 
functional under usual orthogonality conditions on (e, rj) is standard. The difficulty is to “glue” 
these K functionals to obtain a unique global functional on (e, rj) which is locally adapted to 
each soliton W k . 
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In case (B) of Theorem [TJ we assume i k = £ k e\ and — 1 < < ■ ■. < Ik < 1- To prove 

(P3D-CL2D, we introduce the following energy functional 

H k = J £k + 2 J (XK(t,x)d xl e)rj, 

where Er is the following “linearized energy density” 

£k = |Ve| 2 + |ry| 2 - f (|£ fc W k + e\% - |£ fc W k \% - f |£ fc W k \l (£ fe W k ) e) , (1.10) 

and the bounded function XK(t,x) is equal to £ k in a neighborhood of the soliton W k and 
close to in “transition regions” between two solitons (see (14.1511 for a precise definition). 
Note that the functional Hr is inspired by the ones used in m and m for the construction 
of multi-solitons for (gKdV) and (NLS) equations in energy subcritical cases. 

The functional 'Hr has the following two important properties (see Proposition 14. 21 for more 
precise statements): 

(1) Hr is coercive, in the sense that (up to unstable directions, to be controled separately), 
it controls the size of (e, r\) in the energy space 

Hk ~ ||e||^i + Mh- 

(2) The variation of Hr is controled on [To, S v ] in the following (weak) sense 

-j t {t 2 H K )<r\ (l.n) 

Note that the term t~ 3 in the right-hand side is related to interactions between solitons. 

Therefore, integrating (11.1111 on [t, S^], from (11.61) (11.711 . we find the uniform bound, for any 
t € [To, S n ], 

Ikllffi + Ml 2 ^ t ~ 2 - 

By time integration of the equations of the parameters, the above estimate implies 

lyjfcW-y* 0 ! \ X k(t) - \™\ <t~\ 

and (II. 8p (11.911 follow. 
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2. Preliminaries 

2.1. Notation. We denote 

(9>9)l*=J99, Nl£a = J \9\ 2 , {g,g)Hi = J Vg-\7g, \\g\\ 2 kl = J\Vg\ 2 . 

For 



set 

{d,g ) L2 = (g,g ) L 2 + (m) l2 > = (9,9)01 + (m ) l2 > ll^lll = llsfei + IHli 2 • 
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When x\ is seen as a specific coordinate, denote 


x = 


(x 2 ,...,x 5 ), Vg = (d X2 g,...,d X5 g), Ag = ^ d‘ 2 .g. 

3 =2 


For — 1<£<1. 


(. 9,9)h\ = l 1 -^ 2 ) J 9 Xl gd Xl g + J Vg-Vg, \\g \= {g, g)gi 

More generally, for £ £ M 5 such that \£\ < 1, 

(9,9)hI= j[Vg-Y~g-{£-Vg)(£-V~g)), \\g\\%i = \\gffr - \\£. 


Observe that if we define 


9l{x) = 9 




\ £(£■ x) \ 

- 1 V +I 1 


and similarly g, gi, then 


( 9(.i9()hI ~ (1 1^1 ) 2 (9i9)h i • 

Let A and A be the H 1 and L 2 scaling operators defined as follows 

3 ~ 5 ~ 

Ag = ^9 + x-Vg, Ag = -g + x-Vg, AV = VA, A = 


A 

A 


Let 


J = 


0 1 

-1 0 


Recall the Hardy and Sobolev inequaliies, for any v € H 

2 


jl 


( 2 . 1 ) 

( 2 . 2 ) 


Jw~J' Vv<2 ’ 

M L W /3 < \\VV\\ L2 . 

Set (x) = (1 + |cc| 2 )i and 

||v||yo = J (\v(x)\ 2 + \Vv(x)\ 2 ) (x)dx, |M|yi = J (|Vv(x)| 2 + \V 2 v(x)\ 2 ) (x)dx. 


(2.3) 

(2.4) 


If g £ C([ti, £ 2 ], Y°) then the unique solution v € C*([£i, £ 2 ], H l ) of d 2 v — Av = g with v(ti) = 0 
and dtv(ti) = 0, satisfies (v,vt) £ C([£i, £ 2 ], V 1 x Y°) and 


||(u,^)(t)|| y i x y 0 < / ||^(s)||yods. 

Jt 1 

Moreover, the following estimate holds, for all v £ Y" , 


M 3 v||yo 


< IMIL IM ' 2 




(2.5) 


( 2 . 6 ) 


Thus, it follows from a standard argument (fixed point) that fll.ll) is locally well-posed in the 
space Y 1 x Y° with a time of existence depending only on the size of the Y 1 X Y° norm of 
the initial data. 
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For initial data in the energy space H 1 x L 2 , the Cauchy problem is also locally well-posed in 
a certain sense, using suitable Strichartz estimates ; we refer to section 2 of m and references 
therein. 

Denote 

,, . . .4 , . 3 . . 10 

f(u) = \u\3u, F(u) = —\u\3. 

2.2. Energy linearization around W. Let 

L = - A - f'{W), (.Lg , g) L2 = J \ Vg\ 2 - f(W)g 2 , 

H = ^ q jj ^ ) (Hg,g ) L 2 = (. Lg,g ) L 2 + \\h \\ 2 L 2 ■ 

Let g be small in the energy space. Then, expanding, integrating by parts, using the equation 
of W and (12.41) , one has 

E(W + g,h) = E(W, 0) - J (AW + f(W))g + ± | Vg\ 2 - f'(W)g 2 ) +^Jh 2 

- j (f(W + g)~ F(W) - f(W)g - l -f'(W)g 2 ) 

= E(W, 0) + i (Lg,g ) L 2 + \ \\hf L 2 + 0(\\gf kl ). (2.7) 

In this paper addressing the case of several solitons, it is crucial to be able to spacially split 
the solitons. For some 0 < a < 1 to be fixed, set 

if(x) = (1 + \x\ 2 )~ a (2.8) 

We gather here some properties of the operator L. 


Lemma 2.1 (Spectral properties of L ). (i) Spectrum. The operator L on L 2 with domain H 2 
is a self-adjoint operator with essential spectrum [0,+oo), no positive eigenvalue and only one 
negative eigenvalue — Aq, with a smooth radial positive eigenfunction Y € 5(K' 5 ). Moreover, 


L(AW) = L(d Xj W) = 0, for any j = 1,...,5. (2.9) 

There exists g > 0 such that, for all g £ H 1 , the following holds. 

(ii) Coercivity with W orthogonality (Appendix D of [27]). 

(Lg,g ) L 2 > nWgW 2 ^ - ± |(g,ML)| 1+ ^ {g,d Xj Wf kl + (g,W) 2 k }j (2.10) 

(iii) Coercivity with Y orthogonality. 

(Lg,g ) L 2 > g \\g\\ 2 Hl - ± ^(g,AW) 2 kl + £ (g,d Xj W) 2 kl + (gW? L )j (2.11) 

(iv) Localized coercivity. For a > 0 small enough, 

j |V 5 | : V - f'(W)g 2 > pj |V#|V - j- {(g,AW) 2 kl +^^{g,d Xj Wf kl + (g,Y) 2 L2 


( 2 . 12 ) 
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Proof, (i) contains well-known facts on L that are easily checked directly. We refer to Appendix 
D of [27] for the proof of (12.101) . The proof of (iii) is standard since ( LY,Y ) < 0. 

Proof of (12.121) . By direct computations 

[ |V(^)| 2 = [ |V 5 |V- [ \g\\A<p. 


Note that (here the space dimension is 5) 

A <P = -2« ((3 - 2a)\x\ 2 + 5) (1+ ^ |2)2 , 
and thus |AcH < lOaAw, and thus by (12.311 . 

j \g\ 2 P |Ap| < 10a J \g\ 2 j ^2 ^ 6 ( a ) J I v O/?)P 

where 5(a) -^Oasa^O. This implies the following estimate 


|v 5 | V - / |VM|^ 


<5(a) / |VM| : 


(2.13) 


We check that 

I (g( 1 - | + | (g( 1 - ip,d Xj W ) k i | + | (g( 1 - <p),V) L a | < 5(a) \\g(p\\^i ■ (2.14) 

Indeed, by the Cauchy-Schwarz inequality, the decay properties of W and Hardy inequality, 
(5(1 - <P),AW)\ x = ( 5 (1 - ip), A(A W)) 2 l3 


< 


/^/|A(A«0P|l-^ S »( o) 


2 

H 1 - 


the rest of the proof of (I2.14jl is similar. We also have 

l -^ 2 


IT3<7 2 (1 — <p z ) < 




-{x) z Wi 


L°° 


ywy- ^ <y(a) IM| 2 

(x) z 


JL 1 


(2.15) 


By (12.111) applied to g<p and then (12.141) . for a small, 

5 


(L(gip),gip ) L 2 > - - ( ( 9 <P,AW) 2 Al +^ J {gp,d Xj Wf ill + (gtp,W) 


m 


3 = 1 


> (M - -5(a)) ||5¥>fei - - I (5, AW) 2 61 + J2 (5, d Xj IH)^ + ( 5 , W) 

11 V j =i 

Finally, using (12.131) and (I2.15p we get (12.121) . for a small enough. 

2.3. Energy linearization around Wt. For — 1 < i < 1, let 


A 1 


VF £ ( x ) = w 


zi 


, (l-fjdlWe + AWi + Wl = 0 , 


.vT^F’' 

so that u(f, x) = IW (-Ci — £t, x) is a solution of (II.ip . Note that 


□ 


(2.16) 


E(We, —£d Xl Wf) - r / \d Xl W,\ 2 = (1 - £ 2 pE(W,0). 


(2.17) 
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Let 


Lg = -(l-£ 2 )d 2 xi -A- f'(Wg), (2.18) 

(L e g,g) L2 = ( 1-f) J \8 xi g\ 2 + J (|V ff | 2 - f (Wg)g 2 ) , (2.19) 

Hi=( ~ A ~U X1 ) ’ ( H t9,9>L> = ( Leg,g ) L 2 + \\£d xi g + h\\\ 2 . (2.20) 

As before, Lg and Hg are related to the linearization of the energy around Wg. Indeed, 
proceeding as in f|2.7|) . 

E{W e + g, —£d xi Wg + h) + ejd xi (W £ + g)(-£d xl Wg + h) 

= E(Wg, -£d Xl W e ) -l 2 J(d Xl Wg) 2 

- J (A W t )g- J f(W e )g-£ J (d Xl Wg)h + £ 2 J (, % 1 W t )g + £ J (d Xl Wg)h 
+ IJ \h\ 2 + \ J (I Vg| 2 — f'(Wg)g 2 ) + l J hd xi g + 0( || ff ||^). 

and thus, using (12.161) and (|2.17p . 


E(W t + g, -id Xl Wg + h)+ij d Xl (Wg + g)(-£d Xl Wg + h) 

= (1 - £ 2 )^E(W, 0) + \ (Hgg,g) L2 + 0(|| 5 ||^). 

The following functions appear when studying the properties of the operators Hg and HgJ 


= 


A Wg 


-£d xl AWg r £ 


z 7 j = 


-ld xl d x Wg 


Yg(x) = Y 


®i -1 7 

7T=W’ xl ’ Zt 


: ± 


d Xj Wg 

% 

( 

V 


yW _ 


(M Xl Yg±j§pYg) e ± YWI^ 
i f \Ao . 

Yge VWF 


Wg 

—£d xi Wg 

\ 


/ 


We gather below several technical facts. 


Claim 1. The following hold for any —1 < £ < 1, 

(i) Properties of Lg. 

Lg(AWg) = Lg(8 Xj Wg) = 0, LgYg = -X 0 Yg, LgWg 

(ii) Properties of Hg and HgJ. 

HgZ‘g = HgZj 3 = 0, HgZf = -\{ W ? 



(HgZf,Zf ') T2 



(zt,zr) E 




= 0 , 


-Hgj(zf) = ±V^(1 -£ 2 )*zf, 

(zhzt) L , = (zJ‘,zt) L , = °- 


( 2 . 21 ) 


( 2 . 22 ) 

(2.23) 

(2.24) 
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(iii) Antecedents. There exist zf such that 

H#f = Zf, {Ht4,zf) L2 = 0, = (4^P) e = 0 (2-25) 

Proof. The proof of (I2.21|) follows from the same properties at t = 0. 

Next, note that for any function g, 

( -m a9 ) = ( L o 3 ) • ("' ( -w„ 9 ) ■ ( -el l9 )) L2 = ■ < 2 - 26 > 

Proof of (I2.22p . First, by (12.261) and (12.211) . Hp(Z^) = H£(zJ j ) = 0. The identity concern¬ 
ing Zjf’ also follows directly from (|2.26p and (12.211) . 

Proof of (12.231) . Note that 

-H,J = ( A + l W f \ . 


Hp 


Id 


-id. 


'Xl 


On the one hand, 


-td xi id xl Y t ± 


Vi^w 


± 


V*0 

Yf ) 1 + A I YtfT 


:X1 


zb 


X\ 


7 4 + jyS -i 

+ -WfY t e vTZ 72 
3 * 


±4^*4 




£2 


= ±V^(l-* 2 )3 (±v / ^(l-^ 2 )"^Y £ + £(5 Xl Y,))e yfi= 
On the other hand, 


XI 


id Xl Y e ± 


± e YY> / 

Y e ) e vTZF- _ ld Y f e 


±-h£g= xl 


/i-e 2 


\ ,_ , ± _VhL 

J = - P)*Y e e 


aAo 

Thus, -H e J(Zf) = ±xAo(l ~i 2 )^Zf. 

Proof of (12.241) . Since (d Xj AW,d Xj W) l2 = 0 ( H 1 scaling) and (d Xj d x .,W,d x .w'} ^ = 0 


= Z 


(by parity), we have yZjf, Z\ 
self-adjoint in L 2 and (I2.22p . we have 


7 A ryW j _ 


’^ k , Zyf j = 0. Next, from (I2.24p . the fact that H£ is 


Tv^U = (#,^J(#)) i2 = ( HeZt,J(Zf )) 


L 2 


= 0. 


The identity p Z t 3 , Zjr j = 0 is proved in a similar way. 


Proof of (12.251) . We set 


4 = y 


t 5 

JZj i , n A,±vA , V,-,±-?Vi 

^(!-€=)i/2 + “ z ' +A“ z < ' 


where and are chosen so that 




E 


i 

z l ) ^ 


-d= 


= o. 

E 
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By (12.221) and (12.23)) . we have H £ z^ = Zjf. Finally, Hi being self-adjoint, we have 


= T Htzf,- 


*fc JZ f 


\Ao(i - V 2 ) 


= =F 


L 2 




#VZ?) y = o. 


□ 


We claim the following coercivity results with orthogonalities. 


Lemma 2.2. Let —1 < i < 1. There exists g > 0 such that, for all g € H 1 x L 2 , t/ie following 
holds. 


(i) Coercivity of Hi with Zf orthogonalities. 


1 / 0 2 

(Hig,g) L 2 > /i||g||| - - (g,AWt)%i +Y^ {g,d Xj Wf) 2 ^ + + (V,) 


j=i 


2 

L 2 


(2.27) 


(ii) Localized coercivity. For a > 0 small enough, 

[ (|V 5 |V - f'{Wi)g 2 + h 2 ip 2 + 2£(d Xl g)hip 2 ) 

5 


>h / (IV(?| 2 + h 2 ) ip 2 [ ( 9) AW^, + ^ + (.g,Z-) 


i=i 


2 

L 2 
(2.28) 


Proof. Proof of (I2.27p . By a standard argument, it is equivalent to prove 


= ig,Z\ 


7± 


L 2 


= 0 


{H £ g,g ) L 2 > At||p|||;. (2.29) 


Note that the proof of (12.291) is largely inspired by Proposition 2 in [5], Lemma 5.1 in [7j, and 
Proposition 5.5 in |6). 


Case i = 0. Note that in this case = 


Y 


and g as in ()2.29p thus satisfies 


the orthogonality conditions {g,AW)jji = (g,d Xj W) ^ = ( g,Y) L2 = 0. Then, (|2.291) follows 
from (12.lip . 

Case i ^ 0. Note that (12.271) is thus equivalent to 

{g,AW £ ) ti i = (g, d x . W f ) H , = (Hig,z^) L2 = 0 => (H e g,g ) L2 > m\\g\\ 2 E - (2.30) 

We decompose g and zf as follows 


g = aZ f + g ± , ct = a±z f + ,_L ; g L = g 


h ± r e 


^ = I 


,±-L , 

°£,2 J 


where a and are chosen so that 




(2.31) 

(2.32) 


We still have 

(sh AW,) = (g’-.B.'W,) = 0, (^,AI»i) = = 0. 
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Note that since (see (12.221) and (12.161) 1 

h,z? = -\ (^) = !( ( 1 -W'+ 5 ^), 

(I2.32p is equivalent to 

(h^., Z^) l2 = (H t xZY) t? = 0. (2.33) 

The decompositions (12.311) being orthogonal with respect to (. H .) L2 , we have 
(H e g,g)v = a 2 (h^Z™,Z?)^ + (W,^) L2 , 

0 = {H t 4,4) L2 = (a±) 2 (H t zF,Z?) L2 + [h ^,^) l2 , 

0 = {H e g, z?) l2 = aa ± {n t Zf, Zf ) ^ , (2.34) 


which imply (recall that ( H(ZW, Zf“ ) < 0), from (12.231) 


L 2 


{H t g,g) L 2 = - 




L 2 




+ 




(^eg 1 -: 


L 2 


(2.35) 


L 2 


Let 


A = 


sup 

alGSpan(zJ'’ ± ,z^’ ) 



Hgu, z e 




L 2 

V 

'{Rfz r t 

" L >7" L ) 

L 2 

(H £ uj,uj) l 2 y 


L 2 

(Heu,u) L 2 


Since (Hi.,.) is positive definite on Span(AHA, AAHA, AcA^HA) -1 , applying Cauchy-Schwarz 
inequality to each of the term of the product above, we find A < 1. Moreover, A = 1 would 
imply that ,z)T’" L and are proportional, which is clearly not true for l ^ 0 (for example, 
due to different behavior at oo of Z±). Thus, A < 1. As a consequence, we also obtain that 
for all uj E Span(AHA, A A HA, Ac^HA) -1 , 





L 2 

H(0, 4 


L 2 

V 

; (^7 


L 2 

{H e uj,u) L2 y 


L 2 



< A(H £ lj,lj) l 2 . 


Thus, by (12.351) and then (12.101) (after change of variables), 


(HfJ, g) L 2 > (1 - A) (^Hfg^.g^^ 


> c 



2 

E ' 


The result then follows from |a| < ||5 " L ||e; from (I2.34j) . 
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Proof of (|2.28p . First, we apply (12.271) on gip: 

(Ht(g<p),g<p) L 2 > mIIw>I|| 

1 / 5 2 

- (g<p, Aw e)%i + 5^(g¥>, d Xj Wi )\i + (w 3 , ^ + ) L2 + (<M ) 


A* 

Recall that 

(Hi(g<p),g<p) L 2 = 


i=i 


2 

A 2 


|V(5^)| 2 -^ j W e 3 g 2 ip 2 + 21 J d X1 (gtp)(htp) + j h 2 ip 2 


Note that (9 Xl i/> = ip and 


so 


< Ca 

Thus, using (12.13p . 


J d Xl (g<p){gtp) - J (d Xl g)htp 2 = j gh(d Xl (p)<p < Ca j \g\\ h \j^ 

\h\ 2 cp 2 ') < Ca J |V(t^)| 2 + CaJ \h\ 2 ip 2 . 


(gy) 

<*> 2 


(He(gip),g<p ) L 2 - J (|V 5 | 2 - f'{W,)g 2 + h 2 + 2 £(d xi g)h) <p 2 
To complete the proof, we just notice that as in (12.141) 


< (5(a) 


~ <p ') ,Zt ) L 2 - 5 (“)Hulls’ 

and similarly for the other scalar products appearing in (12.281) . and as in (|2.15p . 

J Wfg 2 (l - <p 2 ) < <5(a) II^H^i ■ 

Combining these estimates, we obtain (12.281) . for a small enough. 


(2.36) 

(2.37) 
□ 


2.4. Energy linearization around Wt- We only define some notation generalizing the pre¬ 
vious section. For £ € M 5 such that \£\ < 1, Wt defined in (j 1.3 p solves 


A W t -£-V(£- VW £ ) + WI = 0. 

The following operators are related to the linearization of the energy around Wt 

Lt = -A-£.V(£-V)-f(W t ), _ j d V> ). 


(2.38) 


Set 


Zl = 


A W £ \ *Vi _ 

-£ • V(A W t ) J ’ l 


Y t = Y 


- 1 


Note from (12.24H and (12.231) . 


£(£ ■ x ) 


d x .W t 

-£ • V(d x W t ) 

( 


yW _ 
) ~ 


Wt 

-£ ■ VW £ 


+ x 1 , Zf = 


£ ■ VYi ± 




\Ao 
YteC \CYY- 


±- 


Y e e YWw 


£sLlx \ 


■■i-X 


7 ,±\ =(zY\z±\ = 


yl\ y 

1 £t 


L 2 


1 ’ l )l? 


= 0 , 


(2.39) 
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- H t JZf = ±V%(1 - \i\ 2 )^Zf. 


(2.40) 


3. Decomposition around the sum of K solitons 

We prove in this section a general decomposition around K solitons. Let K > 1 and for 
any k € {1 ,..., A"}, let > 0, y^° € M 5 , t k G M 5 , |4| < 1 with t k > / 4 for k! ^ k. 

First, for G = (G,H), set 


(0?G)(t,x) = 


Lk 


(Af)3/2 


G 


f X - i k t - yf A 

6° k °G = 

HfG \ 

S-h 

V ^ )' 



\ ^ ) 


In particular, set 

( 

wr = e?wi„, w k °°= 4 , 

Second, for C 1 functions Afc(i) > 0, y k {t) € M 5 to be chosen, let 

hG 

-H 


# *°-l ft. 

x A fc 


6 k 


G 


0 k G = | A fc 

e k H 


In particular, set 


e k w tk 

*‘=l 4 -^; 

Afc 


(3.1) 

(3.2) 


In what follows Yl k =i °ft en simply denoted by y\ . 


Lemma 3.1 (Properties of the decomposition). There exist Tq 1 and 0 < do -C 1 snc/i that 
if u(t) is a solution of (11.11) on [Tf,?^], where Tq < T\ < Ti, such that 


Vi G [Ti,T 2 ], 


< <4 


(3.3) 


iPxL 2 


k 

then there exist C 1 functions X k > 0, y*. on [TbTy snc/i that, s(t) being defined by 

= ]T 14 + A (3.4) 


e = 


u = 


n 


the following hold on [Ti,T 2]. 

(i) First properties of the decomposition. 


M fe (AW4))iA = =o 


IAfc(t) - Afc°| + |yfc(t) - yfc°| + ||e||s 




(3.5) 

(3.6) 


H 1 xL 2 
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(ii) Equation of e. 


where 


' £t = rj + Mod £ 

Vt = A e + f I ^W k + 


£ - 


f[Y^ W k)+ R w + Mod, 


R w = f[^2 w ^)-J2 


(3.7) 


(3.8) 


M ° d e = £ ^(Aw lk ) + E r • 0*(VW/J 


A k 


y k 
A k 


Mod, = -12jS 4 ' 4(VAtUJ - ft • MV(4 • VHoj). 


T A i 


(iii) Parameters equations. 


(iv) Unstable directions. Let 




z£(t) = i^)^kZf k 


< 


■± 


L 2 


Then, 


(3.9) 

(3.10) 

(3.11) 

(3.12) 

df fcW ' Afc --I ' "fcw ~ ' t + ^3' (3 ' 13) 

Proof. Step 1. Decomposition. Let Tq 1, fix t > Tq and assume that (13.31) holds for t. Let 
r°° = (A^°,y r = (A*, y fc G ((0, +oo) X R 5 )*, 
where and y^ are to be found (depending on t). Consider the map 
$ : H 1 X ((0, +oo) X R 5 ) k -»• M 6 ^ 

(w,r)H. (( W + ^TU fc T-^^W 4 ,,0 fc (MU,J)^ , 

V fc' w k 

(CO + Y^wp -Y^0k' w e kl ,0 k (d xl W lk )) Hj , 

fe' fc' fc 

fc' k’ k ) 


4t z k (*) "F - I4I 2 ) »*£(*) 


< ii^/+mi2 , lieWH e 


+ 


fce{i....,A} 
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where 6 k is defined in (ED- By explicit computations, we have 

(d r $( 0 ,r°°) -f 


+Et^-( 9 “( vm AAC(awa))s. . 

\ , , Ai, £ k , . A u *-k 


k' k ' 


k' k ' 


E («”( a w*»,),«”(&. Wrj) AI + E isi ■ (»~(V'r 4 ,),C(4 I »UJ) 

fc / A fc' l k k , 'V 


Hi ’ • ‘ ’ 


E4 («“(AH'4,),«na„»' 4 )) fl; +ES- wwam^Di.. 

fc ' A fc' 4 k' Ak ' tk 


Thus, by parity property, ( d x W, d x ’W ) . = 0 and the decay properties of W, 

\ 3 J H 1 


(dr$(0,r°°) f 


(0?(AW £k ),0?(AWi k )) tij ,^(9?(d xl We k ),e%>(d xl W lk )) ti} 


AS 


A 


E^(ff»» , 4)-«n»«» , 4))i ! +«-f, 

k Xk V 


where ||£|| < ^. Hence, dr^O, T°°) is invertible for To large enough, with a lower bound 
uniform in T 00 . Moreover, <h(0,r°°) = 0. Therefore, by the implicit function theorem (in fact, 
a uniform variant of the IFT), there exist 0 <di<Sl,0<d2-Cl, and a continuous map 

T : T^!( 0 ,( 5 i) —> B( {0+oo)xR5) K(T oo ,d 2 ), 

such that for all u € H^i(0, <5i) and all T € -B(( 0 ,+oo)x R 5 ) k (r°°, fa), 

d>(o;,r) =0 if and only if T = ^(w). 

Moreover, 

l®M-r°°| < 1 ^ 11 ^. 

This defines a continuous map t € [Ti,T 2 ] H > (^k(t),yk(t))ke{i,...,K} such that 


\^(t)-Xf\ + \y k {t)-yf\< 




H 1 


and such that e(t) dehned by (13.41) satisfies the orthogonality conditions (13.51) . Since 

II W k (t) - W?(t) IIhi < |A k {t) - Xf\ + |y fc (t) - y£°|, (3-14) 

we have 


\\m\\E <^2\\w k (t) + 

k 

a(*)-E v h“(«) 


»(<)-E*r~W 


H 1 xL 2 


< 


H 1 xL 2 


and 113.61) is proved. 
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For future reference, note that 

m- 

Thus, if (u(t), dtu(t)) E Y 1 x Y°, then we have 


(s) 1 / 2 V(W fc (i) - W?(t)) <t* (|A fc (t) - A£>| + |y fc (t) - y%>\) 


(3.15) 


(x 


+ 


x) 1/2 Ve(t)|| i 2 + ||(x) 1/2 77(t)|| L 2 < 

<4 1/2 u«(t)+^(4-vwn(t) 


) 1 /2 V 




L 2 


+t 2 


L 2 




H 1 xL 2 


and also 


left) II 


yi x yo 


<15 




(3.16) 


y'xy 0 


Step 2. Equation of e and parameter estimates. We formally derive the equations of s(t), 
Afc(t) and y*.(t) from the equation of u. First, 

£t = ut~Y J dtWk = V-^2y- 0 k(yw tk ) - E ^( 0 fe W 4 ) 


= V 


+ E + E w • ^( v ^)> 


At 


yfc 

Afc 


(3.17) 


since, by direct computations, 


dt(6 k W tk ) = • 0*(W 4 ) - ^ • 0 fc (VW 4 ). (3.18) 

Afc Afc A k 

Second (using (|2.2|> ) 

r?t = u tt + ^E|. 4(Vlb 4 )j = Aix + |u|tix - E ■ 0*(V(4 • VW 4 )) 

- E • 4(vaw 4 )-ES-^(V(4 • VW 4 )). 

k A k k A k 


Using u = J2k OkWe k +£, we have 


A “ = E + Ae - 

A; ^ 


(3.19) 


and 


4 

a s« 


/(u) = E/(W 4 ) + 

k 




£ + i?NL + AV, 


where is dehned in 13.811 and 


-%L = / 



/ E w * 


f (?S 


e 


(3.20) 
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Since 


mw tk ) = §/(W 4 ), f'(0 k W tk ) = 4 f'(W ik ), 

Xk K 


we obtain 

4 

Alt + |lt| 3 It = 

Using (12.381) . we obtain 


E % ( aw a + w l)+ Ae +l[T,^ w i ) e + R nl + «»'■ 


Vt — Ae + — I I e “1“ -^nl + AV 


fc A,? 


£ **4 • ^ VA ^) - £ 5 • ^ v (4 • v ^))- 

fc A fc fc A fc 


In conclusion for e. we obtain 


£t — C-£ + Mod + i?NL + Rw i 


where 
C = 
and 


0 


1 


a + 3(£*^t< /3 i 0 


-Rnl = 


0 

^NL 


Rw = 


0 

Rw 


M ° d = E T k g “ g i + E g ■ g ^l- 

k k 


(3.21) 

(3.22) 

(3.23) 


Step 3. Now, we derive the equations of Afc and y/- from the orthogonality (13.51) . First, 
j t MiCAW*))^ = (et, ^(AWfj))^ + (<■,$ (^(AW*)))^ = 0 
Thus, using (13.17|) . 

0 = (77, ^(AWiJUr - fe, v • ^i(V(AIU 4 ))) 

£l V A 1 / f/g 

+ ^((9 1 (AW £l ),e 1 (AW £l )) A} - {s,(6 1 (A 2 w £l ))) Hl 


yi 


+ . ^(VW/J, ^(AW/J - e, ^ • Oi(VAW tl ) 


Ai 


if, 


<1 


yi 


K 


+ £ I ^(^(AWiJ^^AWiJUr + (^.^(vw^J^^AWiJ 


k=2 


A fc 


Ai 

yfc 

Afc 


Hi 


Hi 


By the decay properties of VFg and integration by parts, we note that 

ti 


(JIM AWiJUr 


+ 


£ , — -0i(V(AW 4 )) 

A 1 / Hi 


< Iklb- 


(3.24) 


(3.25) 
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Next, by (12.11) . 

- {e, {9i(A 2 W £l ))) A1 = (1 - |4| 2 )s ||AW||^ + 0(|k1| B ), 
£ 1 ^1 

and by parity, 


= 0 , = 0(|yi| ||e1b). 

A 1 / Hi V A 1 / Hi 


Concerning the last terms, we claim, for k E {2,... , AT}, 


y k MWi k )MMr tl )) Alti 


+ 


■ 0 1 (VW]g 1 ),0 1 (AW£ 1 ) 

Afc 


tfil 


< 2 _ 

~ f 3 


Afc 

Afc 


+ 


yjt 


-4 


Indeed, estimate (13.261) is a direct consequence of the following technical result. 
Claim 2. Let 0 < r 2 < ri 6e such that r\ + r 2 > |. For t large, the following hold. 


Ifn> | toen J |Wi H^P < t" 3 " 2 , 

If ri < § then [ |Wip|W 2 p < t 5 ~^ ri+r2 \ 


(3.26) 

(3.27) 

(3.28) 


Proof of Claim UJ Estimates written in this proof are for t large enough, and all constants 
may depend on £ k . For convenience, we denote 

Pk = x - 4 1 ~ yk(t), tt k (t) = {x such that \p k \ < |4 - l 2 \t/10}. 

Note that, for t large, 


for x € fi 2 , |Wi(x)| 


< 


1 


< 


1 


pi) 3 ~ «P2) +i) 3 ’ 


for x € Off, |W 2 (a;)| < 
for x € Of, |Wi(a:)| < 


1 


< 2 _ 

((p 2 > + *) 3 ~ i3 ’ 

1 <1 


«Pi) + *) 3 ~ t3 ' 


Case n > r 2 > |. Then, 


' ^2 


iwiHWap ;$ i_3ri [ i^p < t- 3n , [ mrmr s * _3r2 f i^r < t~ 3r2 - 

J Jo% J 


Case n > 0 < r 2 < |. I 11 this case, 


/ |WiHW 2 | 

J O 2 


r 2 < 


< 


1 


1 


((P 2 ) + i) 3ri (p 2 ) 3r2 
1 dx 


dx 


{(x)+t) 3 ^ ( x ) 3r2 


< j.—3(n+r2)+5 < j.-3r2 


[ iWiPlWbr < t" 3r2 [ |WiP < t~ 3r \ 
J OP J 


and 
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Case 0 < ri < | ; 0 < r 2 < |, ri + T 2 > |. First, as before, 



iWiHWaP < t ~ 3{ri+r2)+5 , 



< £-3(n+r 2 )+5. 


Next, by Holder inequality, 



< i-3(ri+r2)+5 


The claim is proved 


□ 


In conclusion of the previous estimates, the orthogonality condition (e, 0i(AIVg 1 )) i ji = 0, 

^1 

gives the following 

K 

' + ly-tl) • 


1 


|Ail<M E + |yill|£llE + ? E 

k =1 

Using the other orthogonality conditions, we obtain similarly, for k = 1,... , 5, 

K 


(3.29) 


\^k\ ^ Hells + |yfe| l|e|ls + ^3 X] (l^'l + lyfc'l) ) 

k '=1 

1 K 

|y*l ~ Hells + l^fcl l|e|ls + ^3 (l^ fc 'l + ly*'l) • 


(3.30) 

(3.31) 


k '=1 


Combining these estimates, we find (13.111) . Note that equation (13.241) and the corresponding 
formula for A f. and y*. for k > 1, where e*is replaced by u — form a nondegenerate first 

order differential system, whose unique solution is (\k,yk)k, which justifies the C 1 regularity 
of the parameters. 


Step 4. Unstable directions. Recall that the quantities z^ are defined through the L 


scalar product z£(t) = (el [t),0kZf^ ) . Recall also that Z? € S. By (13.211) . we have 


7± 


■± 


k w 4 


sk - j t + (^ (&^ 


L 2 


£ W L 2^ Al \y ’ v l\ j jj2 


= ( Ce, 0 1 Zf ) +-i • (e,0,VZ 


+ 


Ai 

Ai 

A 






+ E (y i^)y + y' (4y v „«iZ*) „) + («nl + iV.ftz* 


L 2 


L 2 
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First, by direct computations, using (I2.40p . 


C,e,Q\Z^ 
1 

Ai 


_4_ 

L 2 Ai 


7± 


L 2 


£,0i VZr tl 

eM (-H tl JZ±)) La +J2 
\Ao, 


k> 2 


L 2 


±V_ 0(1 _ 1^1 2 )*z£ + ^(eJ'(e k W lk )(6 1 Zt u2 j) 


k> 2 


L 2 


Note that by the decay properties of Z ^ and Claim [2j for k > 2, 


E,f\e k w tk )(Q x z± 2 


L 2 


< INIliji 
~ f 4 ' 


By (|2.39l) . we have 


and thus, by (13.111) . 


Ai 


BiZ±Azf\=\Zt,Zf\=K, 




L 2 


?A 7± 


^i’^i 


L 2 


Similarly, 




yi 

Ai 


L 2 


|Ai|lk1| £ <|k1|^ 


0r^,4^)^ + (r,0iV4 


Next, by Claim [2l we have 


e 2 z^J x z% 


L 2 


L 2 


+ 


L 2 


Thus, by (13.111) . 


A 2 

A 2 


:A Mt 


L 2 


+ 


y2 

A 2 




,0i z t 


L 2 


< 


< — 

~ f 3 ' 


6 


L 2 


< FIIe 

r^j 


f 3 


Finally, we claim 


Rw,8lZf\ + ( i?NL) GiZ^ 


< 1 Hffi, || ||2 

~ f 3 t ll " H1 


Proof of (13.3611 . Note the following estimate, for any p > 1, 


\Rw\ = 

Thus, using Claim [2j 

\{RwM-tid xl NW h )) L2 


/ -E/w 


< 


^ |W fc |s|W*,|. 


k^k' 


< 


Y \Wk\*\W k ,\ 1 |Wi|s < 1 




f 3 ' 


(3.32) 

(3.33) 

(3.34) 

(3.35) 

(3.36) 

(3.37) 

(3.38) 
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Next, we decompose Anl = -R £ 1 + R s ,2i where 

Re, 1 = (/' ^ W^j - Y f (W fc ) j £, 

Re,2 = f(^2 w k+e) -f(Y W ^) ~f (E^) £ - 


First, 


\Re,l\ < [ Y \Wk>\*\W k \ 

k'^k 


£ . 


Thus, using Claim [2] and (12.3j) 

\(R etl M~Zid xl NW h )) L2 \ 


< 


Y \ w k'fi\W k \ ) |Wi|3|e| 

k^k' 


< 

r^j 


|e| 2 |PFip 


Wi Y \ w «\hw k f 


< - Ikl 


H 1 


,k’^k 


Finally, we have |i? e , 2 | i$ (^k l^4| 3 ) |e| 2 + |e| 3 , and thus, by (12.31) and (12.41) . 


| (Re,2,6i(—£id Xl AWe 1 )) L 2 1 

The proof of (13.361) is complete. 


(3.39) 


(3.40) 


/ I £ | 2 + l £ l0 iWil* ~ IMItfi + ll £ ll|i 


Extending this computation to for any k, we obtain in conclusion 


S 4±( ‘> T - l4|2) k ±(t) 


< 

r^j 


1 


l*>lli + Mk + 


The proof of Lemma 13.11 is complete. 


(3.41) 

□ 


4. Proof of Theorem □ case (B) 


In this section, we prove the existence of a solution u(t) of (11.11) satisfying (11.41) (11.51) in 
case (B) of Theorem Q] We argue by compactness and obtain u(t) as the limit of suitable 
approximate multi-solitons u n (t). 

Let K > 1 and for all k G {1,..., A'}, let A£° > 0, y£° G K 5 and £k G M 5 . Let S n —> +oo. 
For Ck G M small to be determined later (see statements of Proposition 14.11 Claim [3] and 
Lemma l4.2p . we consider the solution u n of 


dfu n — A u n — | u r 


4 

3 U r 


= 0 


(Un(Sn), d t Un(S n )) = £ [(0?Wl k )(S n ) + Z+)(S n ) + Zj k ) (S„) 


(4.1) 


Note that since (u n (S n ),dtU n (S n )) G Y 1 X Y°, the solution u n is well-defined in Y 1 x Y° at 
least on a small interval of time around S n (see section 2.1). 
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Now, we state the main uniform estimates on u n . 


Proposition 4.1. Under the assumptions of Theorem{J\ case (B), there exist uq > 0 and 
Tq > 0 such that, for any n > uq, there exist (Cfc = n )fce{i,...,A'} € , with 


K 




< — 

~ C5 ’ 
^ n 


(4.2) 


and such that the solution u n = (u n ,dtu n ) of (14.11) is well-defined in Y 1 x Y° on the time 
interval [Tq,^] and satisfies 


Vf € [T 0 ,S n 


K 


u , 




k =1 


mxL 2 


<1 

V 


K 

l {t) -Yw, 


k= 1 


yixY 0 


< 4. (4.3) 

t 2 


4.1. Proof of Theorem |T] case (B), assuming Proposition 14.ll In view of the uniform 
bounds obtained in (j4.3[) at t = Tq, up to the extraction of a subsequence, {u n (To), dtU n {To)) 
converges strongly in H l x L 2 to some (uq,ui) as n —» +oo. Consider the solution u(t) of 
(11.11) associated to the initial data (uo,ui) at t = Tq. Then, by the uniform bounds (14.3p 
and the continuous dependence of the solution of (11.ID with respect to its initial data in the 
energy space H 1 x L 2 (see e.g. m and references therein), the solution u is well-defined in 
the energy space on [Tq,oo) and satisfies 


«(*)- 

fc=l 

This hnishes the proof of Theorem [T| in case (B), assuming Proposition 14.11 



(4.4) 


The rest of this section is devoted to the proof of Proposition 14.11 


4.2. Bootstrap setting. We denote by B^n{p) (respectively, S^k(p)) the ball (respectively, 

the sphere) of of center 0 and of radius p > 0, for the usual norm | (fk)k\ = 

For t = S n and for t < S n as long as u(t) is well-defined in H l x L 2 and satisfies (13.3D . we 
decompose u n (t) as in Lemma 13.11 In particular, we denote by (e, rj), (A&)&, (yfc)fc, ( z t)k tl ie 
parameters of the decomposition of u n . We also set 

K K 

Wk = w fc , Wk = Y,\ w k\- ( 4 - 5 ) 

k =1 k =1 

We start with a technical result similar to Lemma 3 in [4j. This claim will allow us to adjust 
the initial values of (z]f(S n ))k from the choice of ( t jf n in (14. ID . 

Claim 3 (Choosing the initial unstable modes). There exist uq > 0 and C > 0 such that, 
for all n > n 0 , for any (6c)fce{i....,A'} € B RK (Sn 5/2 ), there exists a unique (C^ n )fce{i,...,A'} € 
B RK (CS n 5/2 ) such that the decomposition of u n (S n ) satisfies 

Zk(S n )=£ k , (S n ) = 0, 

|A k(Sn) - A^l + lyfc^n) - y?\ + ||£(5 n )|| E < S ~ 5/2 , 
ll^n)||yi x yo<54 2 . 


(4.6) 

(4.7) 

(4.8) 
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Sketch of the proof of Claim\3[ The proof of existence of (CthJfc i n Claim [3] is similar to 
Lemma 3 in IT] and we omit it. Estimates in ( 14.711 are consequences of (13.61) . (14.811 follows 
from (EOT)!) . □ 

From now on, for any (£#.)#. € i4 ffi x(S' ri °^ 2 ), we fix (C kn)k as gi ven by Claim [3] and the 
corresponding solution u n of dm 

The proof of Proposition 14.11 is based on the following bootstrap estimates: for C* > 1 to 
be chosen, 

E |A*(t) - AJ“I + |y*(f) - yf I < TY, E l4(<)l 2 < 4 

k=1 k=1 

C* 


(C*) 2 

l£(t)l|e < ~ 2 , ||£(0llr 1 xY° <—t— 

1 1 2 


(4.9) 


Set 


T* = = inf{t G [TojS'n] ; u n satisfies (13.311 and (14.91) holds on [t, S n \}. (4.10) 

Note that by Claim [3l estimate (14.9p is satisfied at t = S n . Moreover, if (14.91) is satisfied on 
[r, S n \ for some t < S n then by the well-posedness theory in Y 1 x Y° and continuity, u n {t) 
is well-dehned and satishes the decomposition of Lemma 13.11 on [t' , S n \, for some t' < r. In 
particular, the definition of T* makes sense and it will suffice to strictly improve ( 14.91) on 
[T*,5 n ] to prove T* = Tq for some (fk)k- Note also that we will prove that T* = S n for 
(fk)k ^ 5 R K(S’ n 5 ^ 2 ) (see proof of Lemma B~2l) . 

In what follows, we will prove that there exists To large enough and at least one choice of 
(fk)k € T K x(S' n 5 ^ 2 ) so that T* = Tq, which is enough to finish the proof of Proposition 14.11 
For this, we derive general estimates for any (£&)& € B^K(S n 5 ^ 2 ) (see Lemma I4.1D and use a 
topological argument (see Lemma 14.21) to control the instable directions, in order to strictly 
improve estimates in (14.91) and thus prove that they cannot be saturated on [Tq, S n ], 


4.3. Energy functional. One of the main points of the proof of Proposition 14 .1 1 is to derive 
suitable estimates in the energy norm that will strictly improve the bound on ||e*(t) ||^ from 
(HD; the other estimates then follow easily. 

We claim the following proposition in case (B) of Theorem [l] This is the only place in the 
paper where we need the restriction of collinear speeds. 

Proposition 4.2. Under the assumptions of Theorem d case (B), there exist p, > 0 and a 
function Br ft) on [T *, S^], which satisfies the following properties. 

(i) Bound. 

\n K (t)\ < (4.11) 

/i 

(ii) Coercivity. 

n K (t)>p Hell!-—. (4.12) 

h 


- J t 0 ?U K ) (t) < C*t~ 3 . 


(iii) Time variation. 


( 4 . 13 ) 
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Proof of Proposition We consider the case where the K solitons are moving in the same 
direction. In particular, by rotation invariance, we assume 

Vfc € {1,..., K}, 4 = 4 e l where ^ E (—1,1). (4.14) 

Moreover, without loss of generality, 

-1 < 4 < ... < l K < 1 . 

Fix 


For 


max(|/3fc|) < l < 1. 
k 


o < a < — min(4 + i - 4) 


small enough to be fixed, we set 

for k = 1,..., K - 1, e+ = 4 + ct(4+1 - 4), 
for k = 2,..., K, £~ = 4 - <r(4 - 4-i), 

and for t > 0, 

n(4 = ift) U ... U ^f)) x M 4 , ^(t) = M 5 \ 

We consider the continuous function xic{t,x) = XKif, %i) defined as follows, for all t > 0, 
XK(t,x) = 4 for Xi € (-00,44], 

Xx(t,x) = 4 for xi € [£^t,£p], for k € {2,..., K - 1}, 

XK(t,x) = l K for xi € [C^t, +oo), 


XK{t,x ) = w - - —- (4+1 +4) for Zi e [44,4 + i 4 /c E {1,...,K - 1}. 


(1-2 a)t l-2a 


In particular, 


" d t xic(t,x) = 0, Vxic(t,x) = 0, on fl c (f), 
dtXK(t,x) = - 1- Xl 


for x € fl(f), 
for i E 11(1). 


(4.15) 


(4.16) 


We define 


where 


t (1 — 2a)t 

y.K(t) = J £x(t,x)dx + 2 J (xK(t,x)d Xl e(t,x))ri(t,x)dx, 


8 k = |Ve| 2 + \ V \ 2 - 2 (F (% + e) - F (W K ) ~ f (W K ) e ). 
Note that from (14.91) and (13.111) . we have 

C* 


(4.17) 


E 


+ |yfc 


< 


E -j. 2 


In particular, from (13.91) and (|3.10D . for all p E N 5 (here |p| = EjPj)> 

C* -14-M C* - 4,Jp! 

|^Mod e (t)| < -pWp 3 , |^Mod, ? (t)| < 3 . 


(4.18) 
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Proof of (14.111) . Since 


,4 

>3 UI2 


\F(Wk + e) - F{Wk) ~ f(W K )e\ < |e|“ + W£|4 
the estimate ()4.11D on PLk follows from Holder inequality, (12.41) and (14.91) . 
Proof of (14.121) . Set 


and 


A h(t) = / (|Vff(t)| 2 + r] 2 (t ) + 2 (xK(t)d Xl e(t))r}(t)) 
in 

Nnc(t) = [ (|Ve(t)| 2 + 7 f(t)) . 

in c 


Note that, since \xk\ < 1, 


A/n = t [ 
in 

X.K r, . 

—+ h 

>_if 

in 

—d xl £ + V 


/n in 


+ (1-1) (| V^ + r/ 2 ). 


To obtain (I4.12p . we will actually prove the following stronger property 


t ~ 5 t -4 " 




klli-i-lkl 

/i 


HK(t) > A/n(i) + iMAf n c(t) — 

We decompose Ha' = fi + fjj + fa, where 

fi = J |Ve| 2 - J e 2 + J if + 2 J ( XK d Xl £)ri, 

h = -2 f (f (W k +e)~F (W K ) - f (W K ) £ - \f (W K ) £^j 

fs = J (VWic)j £ 2 , 

We claim the following estimates 


t ~ 5 t" 4 " 


fi > A/q + /lA/qc- 


h M 


IE > 


If2l + |fsl<l|e1li + 


(4.19) 


(4.20) 


(4.21) 

(4.22) 


~ ii“ilE 1 ^2 

Note that combining these estimates with (14.91) and taking Tq large enough (depending on 
C*), we obtain (14.20|> and then (14.121) for some other fi > 0. 


Proof of (14.211) . The main ingredient in the proof of (14.211) is Lemma 12.21 For ip defined in 
(12.81) . set 

'x - 4ei t - yk(t )' 

A k(t) 


<Pk(t,x) = <p 
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We decompose fi as follows 

fi = Mn + (^ j \VeM-f f'{W k )£ 2 + J r?Vl + 2 J(xKd Xl e)ri<plJ 

+ in? (l Ve l 2 + ^ + 2 ^(^^) ^ “E^*j 

- j (> (|Ve| 2 + V 2 + 2 XK{d Xl e)rj) p\ j 

+ 2^^ f (XK — 4)($Ei £ ) r 7¥’fc = JVn + fl,l + fl 5 2 + fl,3 + 4,4 • 
k •' 

By Lemma El the orthogonality conditions on e and a change of variable, we have 

f i,i>T /(|Ve | 2 + ? ? 2 ) -^ZK( z fc ) 2 + ( z fc) 2 )- 

Thus, using (14.91) . 

f ii - m / (i ve i 2+r ? 2 ) (x>*) - ( |V£|2+r?2 ) 

Next, note that if x is such that tp k (t,x) > then p\i{x) < t -4 " for A:' 7 ^ fc. Thus, 

i-E^-* -4 ”- 

k 

By direct computations (with the notation = max(0,u)), 



- ( 1 “ ?, / n J v42 + ’' 2) ( 1_ £' , ‘) 


Also, we see easily that |fi, 3 | < f _4 “ ||e|||; • 

Finally, by the definition of in (|4.15p . the decay property of ip and (14.91) (for a bound 
on y k ), we have 

II(xa -4)^felU°° < a~ 4 “- 

Thus, 

|fi.4|<t- 4 Q ||e1l|. 

Therefore, for some /x > 0, and To large enough, we have 

fi,i + fi,2 + fi,3 + fi,4 > — —^5 - t 4a llelle ■ 







28 


Y. MARTEL AND F. MERLE 


Proof of (14.221) . Using Holder inequality, (12.41) and (14.91) . we have 


l f 21 


< 


^ + kl 3 W|- < He'll R. 


<4 
~ +2 ’ 


Next, since by the decay property of W, 

f\WK)-^2f'(W k ) 

k 

using (JZ3J), we obtain 


,f 3 | < i f yfwl < Hi 

I "I ~ ^2 / I I K r^j £2 


Proof of (14.131) . Step 1. First estimates. We decompose 

^U K = j d t S K + 2 j Xi<d t ((d xi s)rf) + 2 j(d t XK){d xl e)ri = gi + g 2 + g3- 
We claim the following estimates 

gi = 2 J s (—AMod e - /'(%)Mod e ) + 2 j 7jMod v 

+ 2 / (^E ^d xl W,}j {f(W K + e)~ f(W K ) ~ f'(W K )e) + O (E 

g2 =- L ( ’’ 2+(8ii " )2 ■ IVe|2) 

- 2 [ xk(O x1 Wk) {f(W K + e) - f(W k) - f'(W K )e) 


' J (XKd xl Mod e )r/ -2 J 


+ 2 / (xA-^xjMode)?/ - 2 / extfdxiMod,, + O -r- , 


C* 


t 5 


g3 = -- 


■ [ Y d ^ri. 

Jn t 


(4.23) 


(4.24) 


(4.25) 


(1 - 2(7)t 

Estimate on gi. From direct computations and the definition of Mod e in ()3.9[) . we have 

gr = 2 J (Ve t • Ve + r, tr] - e t (f(W K + e) - f(Wi<))) 

+ 2 fhZ W^j (. f(W K + £)- f{W K ) - f(W K )e) 

+ 2 J Mod e (/(% + e) - /(%) - f(W K )e) = gi,i + gi , 2 + gi, 3 - 

Using (13.71) and integration by parts, 

gi,i = 2 J rjRw + 2 J (Ve • VMod e - (f(W K + e) - f(W K )) Mod £ + ^Mod,,) 
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By Cauchy-Schwarz inequality, (13.37|i and then (14.91) . 


/ 


ijRw 




Ml* < C* 
*3 ~ t 5 ' 


Thus, 

gi.i + Si ,3 = 2 J e (—AMod e - f(W K ) Mod £ ) + 2 J r/Mod,, + O > 

and (I4.23P follows. 

Estimate on g2- 

g 2 = 2 J (xKd xl £ t )v + 2 J ixKd xl e)Vt 

= 2 J (. Xk9 Xi v)v + 2 JiXKd Xl e) (Ae + (/(% + e) - /(%)) + -Rw) 

+ 2 J (xKd xl Mod £ )r] + 2 J (x^d^Mod^. 

Note that by integration by parts and (j4.16|) 

2 J C XKd Xl rj)r / + 2 J(x K d Xl £)Ae = - J d Xl xx (rj 2 + (d xi e) 2 - |Ve| 2 ) 

Next, we observe 


I(XKd Xl £) (f(W K + e) - = f XkM (F(W k + e) - F{W K ) ~ /(W*)<0 

~ jXK(d xl W K ) (/(% + e) - /(%) - /'(%)e) . 

Moreover, integrating by parts and using (I4.16p . 

- J XRd xl (F(W k + e) - F(W k ) - f{W K )e) 

= (1 _\ a)t J (F(W k + e)~ F(W K ) - f(W K )e) • 

Thus, by (14.91) and the decay of W, 

J XK d xl ( F(W k + e) - F(W K ) - /(%)£) 

Last, integrating by parts, 

2/ (xAA^Mod^ = -2 J (xK£)d Xl Modr, -2 J(d Xl xMMod v 
= -2 J (xK£)d Xl Mod v + O . 


< 


£ 3 


+ w 


K I 


< 


1 

t5‘ 
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Indeed, by (I4.9p . (14.161) . (|4.18l) and (12.31) . 

J(d xl xi<)£Mod v <^3 l e l~ ^3 (y l £ | 2 >V 


2 \ 2 
K 


wiy < { ^X<- 

' y K I rs - > -f-5 


Estimate on g 3 . (|4.25p is a consequence of (I4.16p . 

Step 2. Using cancellations and conclusion. In conclusion of estimates (14.231) (14.251) . 

—HiC = hi + I 12 + I 13 + I 14 + O f ’ 


where 


hl = -yrkait. L l" 2 + (BnE) ‘ + 2 f 1[a ^ ~ rVe| 4 ■ 

h 2 = zj (4 - xk) H',4 (/(Wsr + e) - f(W K ) - /'(VV,,-)E) , 

h 3 = 2 J 77 (Modjy + XK^xjMode), 

h 4 = 2 J e (—AMod e - X Kd Xl Mod v - f(W K ) Mod,) . 

First, by (14. 19j) and the definition of xk in (14.151) . 

-((1 - 2<r)t)h 1 < I 2j-d xl E + 7 7 +^(1 “ yF) (d xi e) 2 + (1 -I) J rf 

+ 2 J (^J - XK^j d xl ET) < A fn + Ccr J (l^e) 2 + rf) < (1 + Cg)Nq,. 


Second, we observe that by the definition of x.K in (14.161) and the decay of d xl W and W, 

1(4 

Thus, by (12.3p and (12.41) . 


1(4 - xk) d xi w k 1 < 14 - x*l Iw fc | 4/3 < ^\w k \ 2 '\ 


I ho I < 


i 2 


e\-i + \e\ 2 Wl \ < 


(c*y < 1 

t 6 ~ 


Denote 


M k = Y^AIUfc + y fc • VIFfc so that Mod £ = ^ M k , Mod,, = - £ k d Xl M k 


4 


(see the dehnition of Mod e and Mod,, in (13.91) (13.101) 1. Using (14.181) . the dehnition of x.K (see 
(I4.16D ) and the decay of W, 


1(4 - XK)d Xl M k \ < ~~~2 tt 11^41 10 • 
1 1 10 


I Mod,, + xk9 x1 Mod £ | < ■ 

1 10 


(4.26) 


In particular, 
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and thus, since W^° is bounded in L 2 , 


|h 3 | = 


J r] (Mod 


r\ X 1\ Hj :i -\IOd; ) 


c* 


< - II II < ( c *) 2 < 1 

~ 33 11 V 11 L 2 53 rsj • 5 • 

t 10 t 10 1 


Finally, we see that by (12.211) . -AMj. + — f'(W k )M k = 0. Thus, as before, 

\-AM k + e kXK d 2 Xl M k - f'(W K )M k \ < | ( X K - h)d 2 Xl M k \ + \ f'(W K ) - f'(W k )\\M k \ 


t io 


Therefore, 

It follows that (by 


|—AMod e - XA-^iMod, - /'(%)Mod, 


C* — 

< —W® 

~ 33 V V K ' 

t 10 


c* 

M < 33" 

t 10 


eW 


1/3 

K 


< c^imi < 

~ .33 Ipllj/l rsj ' 53 r^j * 


(C*) 2 < 1 


tio " 1 10 

In conclusion, using (14.201) . for a small, and Tq large, 


-±H K <At£El A r n + 0 

at t 

The proof of Proposition 14.21 is complete. 


C* 

1 ? 


< -Hr + O 


C* 

~¥ 


□ 


4.4. End of the proof of Proposition 14.11 The following result, mainly based on Propo¬ 
sition 14721 improves all the estimates in (14.91) . except the ones on ( z k ) k . 


Lemma 4.1 (Closing estimates except ( z k ) k ). For C* > 0 large enough, for all t € [T*,S n ], 


I Afc(t) - A£°| + \y k (t) -y“| < 


(C 


* \2 


2 1 


El4(«)l 2 <57 


k=1 


C* 

E ~ 2 f 2 ’ 


£ (cl|y 1 xy° < 


2 1 5 
(C*) 2 
2 . 


(4.27) 


The control of the directions (z k ) k , related to the dynamical instability of W, requires a 
specific argument used in [4| in a similar context. 

Lemma 4.2 (Control of unstable directions). There exist (f k ,n)k € /? R x(5 n 5 ^ 2 ) such that, 
for C* > 0 large enough, T*((f k n ) k ) = Tq. In particular, let (£±) be given by Claim\3\ from 
such ( f k ,n)k > then the solution u n of (14. ip satisfies (14.31) . 

Note that Lemma 14.21 completes the proof of Proposition 14.11 


Proof of Lemma \f.l\ Step 1. We prove that for C* large enough, for all t € [T *, S n ]. 

Ikll < (C * )2 

Ikllyixyo <-—• 

2 t 2 

The system (13.7[) of equations of e and rj can be written under the form 


J E t = rj + Mod £ 

\ T/t = A £ + R e + Rw + Mod r; , 


(4.28) 
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where 


\Rs\ < |e| 7/3 + kiw^/ 3 , \VRe\ < |Ve| (|e| 4 / 3 + W^ /3 ) + \e\W 
In particular, by (12.611 


K 3 - 


\ R e ||y° ^ Ikll Jfi Ikllyi + t 2 ll e llifi ^ C*t 3 ^ 2 - 


Moreover, 
and by (14.181) . 


\\ R w\\Y 0 ^t 5/2 , 


||Mod e ||yi + IlMod^llyo < C*t~ 3/2 . 
Using (14. 8p and (12.51) . we obtain 


lekOllyixyo < ||e(5 ri )||yi x yo 
rS n 


+ 


jf 


C* 


(ll^k')llyo + \\ R w(t')\\Y° + ||Mod £ (t')||yi + ||Mod ?? (t , )||yo) d£ < —. 

t 2 


In particular, taking C* large enough, we obtain (I4.28p . 


Step 2. Estimates on parameters. The estimates on |Afc(£) — A^°| and |y^(i) — y£°| follow 
from integration of (13.111) using (14.9p and (14.71) . and possibly taking a larger C*. 

Now, we prove the bound on z£(t). Let Ck = ^5(1 — |£fc| 2 ) 1//2 > 0. Then, from (13.131) and 

m , 


d_ 

dt 


N c ‘\ + ] < 


e Ckt 


C* 


Integrating on [t, <S n ] and using (14.61) . we obtain — zt (t) < C*t 3 . Doing the same for —e Ckt zt , 
we obtain the conclusion for Tq large enough. 


Step 3. Bound on the energy norm. Finally, to prove the estimate on ||e(t)|| E , we use 
Proposition 14.21 Recall from (14.71) and then (14.lip that 

n K (S n ) < S~ 5 . (4.29) 

Integrating (14.131) on [t, S,,], and using (14.291) . we obtain, for all t € [T*, S v ] . ~Hk < C*t~ A . 
Using (14.121) . we conclude that ||e|||, < C*t~ A . □ 


Proof of Lemma \4-2\ Step 1. Choice of (Ck)- We follow the strategy of Lemma 6 in [3]. 

_c /o 

The proof is by contradiction, we assume that for any (Ck)ke{i,...,K} € B^k(S u ), T*((Ck)k) 
dehned by (14.101) satifies T* € (To,S n ). In this case, by Lemma 14.11 and continuity, it holds 
necessarily 

E Mm 2 = pL*. (4.30) 

We claim the following transversality property at T* 

< —c < 0. (4.31) 

t=T* 
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Let Cfc = A® (1 — l^fcl 2 ) 1 / 2 > 0 and c = min*, c*. From (I3.13P and (14.91) . for all t E [T *, S n ], 


s 0 5 (A) 2 ) = 2 * 5 v s v + a 4 (v) 2 


< -2t% (z t -) 2 + ^4- < -2c* 5 (z k f + £4-. 

f 2 12 


Thus, from (14.301) 


d_ 

dt 


K 


* 5 E W 


fe=i 


t=T* 


cc* 

— 2 c T- t- <C —c, 

(T*) 2 


for Tq large enough (depending on C*, but independent of to). 


As a consequence of (14.31|) . we observe that the map T* 

(&)*={!,...,*} € b r k(s- 5 / 2 ) ^ T*((e fc ) fc ) 

is continuous. Indeed, if T* < S n , by ()4.31D . it is clear that for all cr > 0 small enough, there 
exists <5 > 0 so that for all t E [T* + a, S n ], t 5 Yk { z kft )) 2 < (1 — d). In particular, for (£*.)*. E 
B R K(S n 5 / 2 ) close enough to (£*,)*,, if follows that for all t E [T* + < 7 , S n ], t 5 Yk i z k ^) 2 < 
(1 — ^(5), and thus T* < T* + a. By similar arguments, for (£*,)*, E B w k (S n ' ) close enough 
to (£fc)fc> we a l so have T* > T* — a. 


We define 

M : B r k(S- 5 / 2 )^5 r k(S- 5 / 2 ) 

/ rj-\* \ 5/2 

(&)*-► (^J (z*(T*))* 

From what precedes, A4 is continuous. Moreover, from (14.301) and (14.3ip . A4 restricted to 
S’ R x(S’ n 5 ^ 2 ) is the identity (since in this case T* = S n and z^(S n ) = £*. from (I4.6P ). The 
existence of such a map is contradictory with Brouwer’s fixed point theorem. 

Step 2. Conclusion. Proof of (14.3D . These estimates follow directly from the estimates 
(14.91) on e(t), A*,(t), y*,(f) and (13.14p . (13.151) . □ 


5. Proof of Theorem [Q case (A) by Lorentz transformation 

Let AJ°, A^° > 0, y^°, y^° E R' 5 , i\ = ±1, 12 = ±1. Let £\,£ 2 E R 5 with £\ ^ £ 2 and 
\ik\ < 1 for k = 1,2. We claim that there exists a solution it of ( 11 . 11 ) in the energy space, on 
a time interval [So,+ 00 ) such that (11.41) and (11.51) hold. 

Step 1. Reduction of the problem by rotation. We change coordinates in R 5 so that by 
invariance of m by rotation, we reduce with loss of generality to the following case: 

£\ ■ ei = £ 1 , £2 ■ e] = 1 2 , £\ ■ e 2 = £2 • e 2 := /?, £\ ■ ej = £ 2 ■ ej = 0, for j = 3,4, 5. (5.1) 

Indeed, it suffices to take as first vector of the new orthonormal basis B' of R' 5 , the vector 
e i = 1 11 — 12 1 ’ an< ^ as secon< ^ vec t° r e 2 = a ^i + b£ 2 , where a and b are chosen so that • e ' 2 = 0 
and 1 63 1 = 1. Then, £\ ■ e ' 2 = £ 2 • e^. The basis B' is then completed in any way. 

Let x = (X 3 , X 4 , X 5 ). 
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Note that if fi = 0, then 4 = 4 e i f° r k = 1,2 and then we are reduced to case (B) of 
Theorem [T| for K = 2. Now, we consider the general case 0 < /3 < 1. Set 

4 


4 = 




| 4 | < 1 , k = 1 , 2 . 


Also set (k = 1, 2) 


yfc° 


G R 5 such that < 


V°° — I ^ 1 T -OP 


1 -/3 2 


y^2 


yfc ’ 2 

y 4 j = yfcj> for i = 3,4,5. 


For fc = 1,2, let 


WTM) = 






( A o°)3/ 2 4 


x - 4 e it - y£° 


, WZ° = (WZ°,d t W? 


Let u(t) be the solution of (11.11) satisfying 

u(t)~ \wr(t)+w2°(t) 


H 1 xL 2 


= 0 


(5.2) 


(5.3) 


(5.4) 


given by Theorem[T] case (B). Define the Lorentz transform with parameter (3e 2 of the solution 
u, i.e. 


u(s,y) = u 


s ~ Py 2 


V2- P 

’DTs 5 



(5.5) 


We claim that u(s,y) is a 2-soliton of (11.ID in the sense of Theorem Q] with parameters A^°, 
and speeds 4 e i + /3e-2- 

First, from the arguments of the proof of Lemma 6.1 in |[9], since u(t,x ) is well-defined on 
[To, + 00 ) it is well-defined everywhere on the space-time domain R X R 5 except possibly in a 
half cone of the form t — t~ < —\x — x~\, for some t~ € R and x~ € R 5 . Thus, there exists 
So € R such that u(s) defined by (15.5[) makes sense on R 5 for all s > So (see also Lemma [5.11 
below). Moreover, from the arguments of section 6 in [9] (see also section 2 of M) , u is a 
finite energy solution of m on [So,+ 00 ). 

To prove the claim, we consider separately the regions “far from the solitons” and “close to 
the solitons”. 


Step 2. Estimate far from the solitons. We claim that for all 6 > 0, there exists Ag > 0 
such that for all s > S$, 


|| (u(s),d t u(s))\\ {AlxL2)ily _^ kei+/3e2) \ >As) < 5. 
Let 6 > 0 and T$ > 0 be such that 


sup 

t>Tg 





< 6 . 

H x xL 2 


Moreover, let As > 1 large enough so that for k = 1,2, 


sup 

teR 


Wk°(t) 


< s. 

(H 1 xL 2 )(\x—£k e it\>Ag/2) 


(5.6) 

(5.7) 


(5.8) 
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We recall the following result from section 2 of |14| . Claim 6.7 and proof of Lemma 6.1 of 
[9] (and references therein for the small data Cauchy theory). 


Lemma 5.1 (Small scattering solutions and Lorentz transform |9j). There exists <5o > 0 such 
that the following holds. 

(i) For all (wo,wi) € H 1 x L 2 such that ||(u , o,u'i)||^i xi 2 < <5o; there exists a global 
scattering solutioiQ (w(t),dtw(t)) of (11,11) with initial data (wq,wi). 

Moreover, sup teR \\(w(t), d t w(t ))\\ klxL2 < <5 0 - 

(ii) For ( w,dtw ) as in (i) and /3 E (— 1 , 1 ), the function wp(s,y ) defined by 


, \ ( s-Py 2 

w p\ s i y) = w \-j===, y u 


V2 ~ /3s = 

y 


(5.9) 


is a global scattering solution of (0). Moreover, for some constant Cr > 0, 

sup \\(wp,d t wp)(t)\\j llxL 2 < Cp\\(wo,wi)\\fj lxL 2 - (5.10) 


We defined a cutoff function ( E C'°°(M 5 ) such that 

C(x) = 1 for \x\ > 1, C(x) = 0 for \x\ < \. 

For to > Ts to be chosen later, we also define 

Define u ext (t) the solution of (II.ip corresponding to the following initial data at t = to, 

u exi (t 0 ,x) = u(t 0 ,x) C ext (x), d t u ext (t 0 ,x ) = (d t u(t 0 ,x))( ext (x). 

By (15.71) and (15.81) . choosing 6 > 0 small enough (compared to <5 oj given by Lemma I5.1D . we 
have 

||(u ext (to),5 t u ext (to))|| i ji xi 2 <6 <5 0 . 

By Lemma [5.11 u ext (t ) is thus a global scattering solution of (11.11) on Kxl 5 , and satisfies 

sup||(u ext (t),a^ ext (t))|| i j lxL2 < <5. 
teK 

Moreover, if we define t7| xt (s,y) as the Lorentz transform with parameter f3e 2 of u ext (as in 
(15.91) 1. then is also a global scattering solution of (11.11) satisfying 

sup||(uf( S ),^ xt ( S ))||^i xi2 <5. (5.11) 

seK 

Now, we deduce consequences of these observations on u and u. Indeed, since u ext (to,x) = 
u(to,x), and d t u ext (t 0 ,x) = d t u(to,x), for a.e. (t,x) such that \x — ^fc e i^ol > Ag for k = 1,2, 
it follows from finite speed of propagation that 

u ext (t,x) = u(t,x), dtu ext (t,x) = dtu(t,x ) a.e. on CA s (to), 

where 

CA s {t o) = {(t , x) such that \x — ^ieito| > Ag + \t — to| and \x — > Ag + \t — toll- 

^by global scattering solution, we mean a solution defined for all time i G 1 and behaving in the energy 
space as a free solution both as t —> +oo and t —> —oo 
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Then, by the definitions of u and R^ xt , for almost every (s,y) such that 


s~ Py 2 V2~ Ps ,, , 

r 5 2/1 5 rz -— ,2/ ) £ OJ, 


we have 




u ex (s, y ) = u(s, y ), d s u ex (s, 2 /) = 4u(s, 2/) 


(5.12) 


Now, let sq > S$ := ^ and choose to = >/l — P 2 so- By (15.111) and (15.121) . 


( u p( s o),dtU 0 (so))\\(Hix L 2 )(n As (s o )) ~ II ( 4 s ( s o),dtu e p ( s o))II(j/ixz, 2 )(r2^ ( 5 (s 0 )) 

<||(4 xt (s 0 ),^ xt (so))||^ lxi2 <5, 


(5.13) 


where 


fiA 4 (so) = < y such that 


so - Py2 V2 - P s 0 = \ . . 

= ,2/1, r. ,n >2/ I € Ca^o) 


k V^ 2 / , 

For Cp = yqq, let 

Ba 5 (so) = {y such that (|yi - 4s 0 | 2 + |y 2 - Psq \ 2 + \V \ 2 ) > CpA s for k = 1 and 2.} 

We claim that 

^Aa(so) D Ta^so)- (5.14) 

Indeed, for y € Ta 4 (so)> by the choice of to, for k = 1,2, 


\yi - 4 * 01 2 + 


1-4 


;\V 2 -pSo\ +\y\ 


1/2 

2 1 '- l2 = ( I2/1 - 4 s 0 | 2 + 7—at 1 2/2 - pso I 2 + |y | 2 


> (i - 14 ) (I2/1 - 4 s 0 | 2 + \y2 - Pso I 2 + \y \ 2 ) 1/2 + 


\P\ 




l - p 2 
--\V2 ~ Ps 0 \ 


1/2 


> A§ + 


\P\ 


V^p- 


-;\y2 - / 5 s 0 | = As + 


so - Py2 


V^T 2 


— to 


Thus, y € I2a 4 (so)- 

Now, we observe that (15.141) and (|5.13p prove (15.61) . 

Step 3. Estimate close to the solitons. First, we compute W?°(s, y ), the Lorentz transform 
with parameter /?e 2 of Wk(t,x). From the definition of W£°, (15.21) and (15.31) . 


W?(s,y) = WZ 


s - Py2 2/2 - Ps = 

= , 2/1, , = , y 


^k 


(A-) 3/2 


Lk 

WW 2 


w 


w 


Vv / r^ V / W f 

_ 0, I s-pyi I _ ,~y°° 2 / 2 -/3s „~oo — 

yi k \V^J 7^ _yfc ’ 2 v-fi 


\ 




Ar 




/ 


(yi - 4 s - y£\) + ^i{y 2 - Ps - y^ 2 ) y 2 -p s - yf 


oo = =oo 

2 y y k 




41 - /3 2 A^° ’ A; 


OO 
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By the radial symmetry of W, i.e. W(x) = VF(|x|), we have 


W?{s,y) = 


Lk 


(Ar) 3/2 


w, 


4ei+/8e2 


V ~ (4ei + (3e 2 )s - 

A£° 


Therefore, the Lorentz transform with parameter /3e 2 of v = u — [VFf° + W^°] is v = 
u — [W^ 3 + WJ 0 ] and to finish the proof of Theorem [I] in case (A), we only have to prove that, 
for Ss large enough, 

sup ||(?;, d s v)(s)\\f IlxL 2 < 5. (5.15) 

s>S s 

By (15.61) and the decay properties of W, we know that for Ss large, 

sup ||(v,a^)(s)|| (i j lxi2)(r (s)) < 6 . (5.16) 

S>o,5 


We now concentrate on an estimate for v(s) close to the soliton centers. 

First, we claim that for any 5 > 0, for any B > 1, for Ss(d,B) large enough, and any 

so > S s , 


|s-so|+|2/-(4ei+/3e2)s|<-B 


(|Vu| 2 + |<9 S ?;| 2 ) dyds < 5. 


(5.17) 


Indeed, by change of variables, 


|s- s ol+|y-(^fcei+/3e 2 )s|<B 


1 


| d s v | 2 dyds 


1 ft 2 y7|s-s 0 | + |y-(4 ei +/3e2)s| 


<B 


(v t - /3v x2 ) 


s - PV 2 V 2 - fis _ 


dyds. 


Changing variables in the integral on the right-hand side as follows (note that the Jacobian 
of the change of variable is 1) 

, s - fdy 2 t/2 - Ids = = 

t = . -= , xi=yi, x 2 = . - =, x = y, 


we obtain, for some C = C(S), 


V^T 2 


|s—sol-Hs/—(4 e i+/3e 2 )s|<.B 


\d s v\ 2 dyds 


< 


< B 


(\vt\ 2 + \v X2 \ 2 ) dxdt 

\t—soy/ l-p 2 \+\x-f. k e\t\<CB 

sup (\v t \ 2 + \v X2 \ 2 ) (t)dx < 5, 

t>S 0 y/l-p 2 -CB J 


for Ss{6, B) large enough by (15.41) . Proceeding similarly for |V?;| 2 , we obtain (I5.17p . 

It follows from (15.171) and (15.161) that for any so > Ss, there exists Si € [so,So + 1], such 
that 

||(u,d s t;)(si)||^ lxi2 < <S. (5.18) 

Now, we use the equation of v to obtain an energy estimate for all large time. Note that v 
satisfies 


vtt - A v + f(v + W?° + W 2 °°) - / (Mf) - / (WT) = 0. 


(5.19) 
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Using the equation of v, the properties of Wjf° and standard small data Cauchy theory (by 
Strichartz estimates, see e.g. section 2 of M), taking 5 > 0 small enough, and for Sg large 


enough, we obtain from (I5.18p . 



sup [ (|Vv| 2 + |<9 s u| 2 ) (s, y)dyds < 6 . 
-l.si+i 


Thus, (I5.15j) is proved. 

This completes the proof of Theorem Q] in case (A). 
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